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ON THE THIRD COEFFICIENT OF TYZ EXPANSION FOR
RADIAL SCALAR FLAT METRICS
ANDREA LOI, FILIPPO SALIS, FABIO ZUDDAS
Abstract. We classify radial scalar flat metrics with constant third coeffcient
of its TYZ expansion. As a byproduct of our analysis we provide a character-
ization of Simanca’s scalar flat metric.
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1. Introduction
A Ka¨hler metric g on a complex manifold M is said to be projectively induced
if there exists a Ka¨hler (isometric and holomorphic) immersion of (M, g) into the
complex projective space (CPN , gFS), N ≤ +∞, endowed with the Fubini–Study
metric gFS , namely the metric whose associated Ka¨hler form is given in homoge-
neous coordinates by ωFS =
i
2∂∂¯ log(|Z0|
2 + · · · + |ZN |
2). Since requirement that
a Ka¨hler metric is projectively induced is a somehow strong assumption, one could
try to approximate an integral Ka¨hler form on a complex manifold with suitable
normalized projectively induced Ka¨hler forms through the following construction.
Assume that there exists a Hermitian line bundle (L, h) over M whose Ricci
curvature Ric(h) equals ω (this is always possible in the compact case). For every
postive integer m one considers the holomorphic line bundle Lm = L⊗m endowed
with the Hermitian metric hm induced on L
m by h, such that Ric(hm) = mω.
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Let Hm be the separable complex Hilbert space consisting of global holomorphic
sections of Lm such that
〈s, s〉m =
∫
M
hm(s, s)
ωn
n!
<∞.
If sj , j = 0, . . . , Nm, Nm + 1 = dimHm ≤ ∞ is an orthonormal basis of Hm, the
smooth function
ǫmg(x) =
Nm∑
j=0
hm(sj(x), sj(x))
is globally defined on M and, as suggest by the notation, it does not depend on
the orthonormal basis or the Hermitian metric chosen (see e.g. [5]). This function,
also known in literature as distortion function, constitutes a tool to evaluate how
a Ka¨hler metric differs from being projectively induced. Indeed, if there exists a
sufficiently large integer m such that, for every point of M , we can find at least
one element of an orthonormal basis {sj}j=0,...,Nm of Hm which does not vanishes
at this point (the free based point condition in the compact case), coherent state
map, namely the holomorphic map
ϕm : M → CP
Nm
x 7→ [s0(x), . . . , sNm(x)],
is well-defined and, moreover (see, e.g. [1] for a proof), it satisfies
ϕ∗mωFS = mω +
i
2
∂∂¯ log ǫmg.
Although not all Ka¨hler metrics are projectively induced, Tian ([24]) and Ruan
([22]) solved a conjectured by Yau by proving that any polarized metric on a com-
pact complex manifold is the C∞-limit of normalized projectively induced metrics
ϕ∗mgFS
m
. Then, Catlin ([8]) and Zelditch ([27]) independently generalized the Tian-
Ruan theorem by proving the existence of a complete asymptotic expansion for
the distortion function related to any polarized metric defined on compact complex
manifold. This asymptotic expansion
ǫmg(x) ∼
∞∑
j=0
aj(x)m
n−j , (1)
is called Tian–Yau–Zelditch expansion and it means that there exists a positive
constant Cl,r depending on two positive integer constants l and r such that
∥∥∥ǫmg(x) − l∑
j=0
aj(x)m
n−j
∥∥∥
Cr
≤
Cl,r
ml+1
,
where a0(x) = 1 and aj(x), j = 1, . . . are smooth functions on M . In particular, Z.
Lu [20] computed the first three TYZ coefficients. The expression of the first two
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coefficients are (for the rather involved expression of third coefficient a3 see (13)
below): {
a1(x) =
1
2ρ
a2(x) =
1
3∆ρ+
1
24 (|R|
2 − 4|Ric|2 + 3ρ2)
(2)
where ρ, R, Ric denote respectively the scalar curvature, the curvature tensor and
the Ricci tensor of (M, g),
Due to Donaldson’s work (cf. [9], [10] and [1]) in the compact case and respec-
tively to the theory of quantization in the noncompact case (see e.g. [3], [6] and
[7]), it is natural to study metrics with the Tian-Yau-Zelditch coefficients being
prescribed. For instance, the vanishing of this coefficients for large enough indexes
turns out to be related to some important problems in the theory of psedoconvex
manifolds (cf. [21], [2]). Furthermore, in the noncompact case, one can find in [19]
a characterization of the flat metric as a Taub-NUT metric with a3 = 0, while Z.
Feng and Z. Tu [13] solve a conjecture formulated in [26] by showing that the com-
plex hyperbolic space is the only Cartan-Hartogs domain where the coefficient a2
is constant. In [18] A. Loi and M. Zedda prove that a locally hermitian symmetric
space with vanishing a1 and a2 is flat.
The present paper deals with radial Ka¨hler metrics, namely those Ka¨hler metrics
admitting a Ka¨hler potential which depends only on the sum |z|2 = |z1|
2+· · ·+|zn|
2
of the moduli of a local coordinates’ system zi.
Our main results are the following
Theorem 1.1. The third Tian-Yau-Zelditch coefficient a3 of a radial Ka¨hler metric
with constant scalar curvature (cscK metrc) is constant if and only if the second
Tian-Yau-Zelditch coefficient a2 is constant.
Corollary 1.2. The flat metric and the Simanca metric are the only radial pro-
jectively induced metrics with a1 = a3 = 0.
The proof of Theorem 1.1 is based on Feng’s work [12] which classifies the radial
metrics whose first and second coeffcients of TYZ expansion are constant functions.
Since the proof of Feng’s classification theorem given in [12] is quite technical and
not so easy to read we have provided in the next section a more readable (to the
authors’ opinion) proof. In the last section we prove Theorem 1.1 and Corollary
1.2.
2. Radial metrics with constant a1 e a2
Theorem 2.1 (Z. Feng [12]). The only radial Ka¨hler potentials defined on a com-
plex domain of dimension n which have constant first and second TYZ coefficient
are:
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1. the Euclidean metric,
2. constant multiple of the hyperbolic metric defined on Bn1
λ
,
3. constant multiple of the Fubini-Study metric.
Moreover, if n = 2
4. |z|2 + λ log |z|2 on C2 \ {0},
5. µ|z|2 − λ log |z|2 on C2 \ B
2
λ
µ
,
6. −µ
(
log(1− ξ|z|2ζ) + 1−ζ2 log |z|
2
)
on B2
( 1
ξ
)
1
ζ
\ B
2
(( 1
ξ
)( 1−ζ
1+ζ
))
1
ζ
,
7. −µ
(
log(1− ξ|z|2(λ+1))− λ2 log |z|
2
)
on B2
( 1
ξ
)
1
λ+1
\ {0},
8. µ
(
log(1 + ξ|z|−2(λ+1)) + 2+λ2 log |z|
2
)
on C2 \ B2
(( 1
ξ
)( λ
2+λ
))
1
λ+1
,
9. µ
(
log(1 + |z|−2ζ) + 1+ζ2 log |z|
2
)
on C2 \ {0},
10a. −µ
(
log(− log |z|2 + κ) + log |z|
2
2
)
on B2eκ \ B
2
eκ−2 ,
11a. −µ
(
log | cos(λ log |z|2 + κ)|+ log |z|
2
2
)
on B2r1(h,κ,λ) \ B
2
r3(h,κ,λ),
or if n = 1
10b. −µ log | − log |z|2 + κ| on C \ (∂Beκ ∪ {0}),
11b. −µ log | cos(λ log |z|2 + κ)|, on Br1(h,κ,λ) \ Br2(h,κ,λ).
Where of Bnr denotes the ball of radius r in C
n, ∂Bnr denotes the boundary of B
n
r ,
B
n
r = B
n
r ∪ ∂B
n
r , µ, λ, ξ, ζ ∈ R
+, 0 < ζ < 1, κ ∈ R, h ∈ Z, r1(h, κ) = e
1
λ
( 2h+1
2
π−κ),
r2(h, κ, λ) = e
1
λ
( 2h−1
2
π−κ) and r3(h, κ, λ) = e
1
λ
(hπ+arctan( 1
2λ
)−κ).
Proof. Let Φ(log r) be a Ka¨hler potential defined on a radial complex domain of
complex dimension n, where r = |z1|
2 + . . .+ |zn|
2.
Firstly, we classify Ka¨hler metrics related to such kind of potentials which have
constant scalar curvature (namely a1 is constant). By definition, the metric tensor
reads as
gij¯ =
∂2Φ(log r)
∂zi∂z¯j
=
Φ′′ − Φ′
r2
z¯izj +
Φ′
r
δij , (3)
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where δij is the Kronecker delta and Φ
′ represents the first derivative of Φ with
respect to
t = log r.
Since Riemannian metrics are positive definite, Φ′′ needs to be a positive function.
Hence we can consider the following substitutions
y = Φ
′(t),
ψ(y) = Φ′′(t).
From eq. (3), we easily get
det
(
gij¯
)
=
(Φ′)n−1Φ′′
rn
.
By considering that
d
dt
(
(n− 1) logΦ′ + logΦ′′
)
= (n− 1)
Φ′′
Φ′
+
Φ′′′
Φ′′
= (n− 1)
ψ
y
+ ψ′,
we introduce the further substitution
σ(y) =
(yn−1ψ)′
yn−1
= (n− 1)
ψ(y)
y
+ ψ′(y),
and we compute the Ricci tensor’s components:
Ricij¯ = −
∂2 log det
(
gij¯
)
∂zi∂z¯j
=
−σ′ψ + σ − n
r2
z¯izj +
n− σ
r
δij , (4)
to be in the position to represent the scalar curvature as a function of y:
ρ = gij¯Ricij¯ =
n(n− 1)
y
−
(n− 1)σ + σ′y
y
.
Thus we reach our initial objective by solving the ODE obtained by imposing ρ to
be constant, namely
n(n− 1)
y
−
(yn−1ψ)′′
yn−1
= −An(n+ 1),
whose solutions are
ψ(y) = Ay2 + y +
B
yn−2
+
C
yn−1
, (5)
where A,B,C ∈ R.
Now, we determinate which conditions have to be satisfied so that the previous
metrics also verify the PDE
a2 = K, (6)
where K is a real constant.
We are going to represent the first term in the previous PDE (see eq. 2) as a
function of y, ψ(y) and its derivatives, in order to convert it to an ODE.
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Riemann tensor’s componentsRij¯kl¯ are by definition equal to
∂2gil¯
∂zk∂z¯j
−gpq¯
∂gip¯
∂zk
∂gql¯
∂z¯j
.
Therefore, the following derivatives (cf. eq. 3)
∂gil¯
∂zk
= Φ
′′−Φ′
r2
(δkl z¯i + δilz¯k) +
Φ′′′−3Φ′′+2Φ′
r3
z¯izlz¯k
∂2gil¯
∂zk∂z¯j
= Φ
′′−Φ′
r2
(δklδij + δilδkj) +
Φ′′′′−6Φ′′′+11Φ′′−6Φ′
r4
z¯izjzlz¯k
+Φ
′′′−3Φ′′+2Φ′
r3
(δkj z¯izl + δklzj z¯i + δilzj z¯k + δijzlz¯k)
(7)
allow us to state that the unique (up to consider tensor’s symmetries) nonvanishing
components in (z1, 0, . . . , 0) are equal to
R11¯11¯ =
ψ′′ψ2
r2
,
R11¯i¯i =
ψ′y−ψ
yr2
ψ,
Ri¯ii¯i = 2Ri¯ijj¯ = 2
ψ−y
r2
,
(8)
where i 6= j and i, j 6= 1. By taking into account the invariance of |R|2 under the
action of the unitary group, we can use Riemann tensor’s components of formula
(8) and the metric tensor’s components evaluated in (z1, 0, . . . , 0) (cf. eq. 3) to get
the general formula
|R|2 = (g11¯)4(R11¯11¯)
2 + 4(n− 1)(g11¯)2(gi¯i)2(R11¯i¯i)
2
+(gi¯i)4
(
4 (n−2)(n−1)2 (Ri¯ijj¯)
2 + (n− 1)(Ri¯ii¯i)
2
)
= (ψ′′)2 + 4(n− 1)
(
ψ′y−ψ
y2
)2
+ 2n(n− 1)
(
ψ−y
y2
)2
.
(9)
Similarly, we compute
|Ric|2 = (g11¯)2(Ric11¯)
2 + (n− 1)(gi¯i)2(Rici¯i)
2
= (σ′)2 + (n− 1)
(
σ−n
y
)2
.
(10)
Therefore the equation (6) is equivalent to
4(n− 1)
(ψ′y − ψ
y2
)2
+ 2n(n− 1)
(ψ − y
y2
)2
− 4
(
(σ′)2 + (n− 1)
(σ − n
y
))
+ (ψ′′)2
= 24K − 3A2n2(n+ 1)2.
By imposing in the previous ODE, ψ to be equal to the solution (5), we get
(n− 1)
(
2BCn2y−2n−1(n+ 1) + C2ny−2(n+1)(n+ 1)(n+ 2)
+B2ny−2n(n+ 1)(n− 2) +A2n(n+ 1)(3n+ 2)
)
− 24K = 0.
Hence, the previous equation is satisfied if and only if

C = B = 0, K = A2n(n+ 1)(n− 1)(3n+ 2)/24 if n ≥ 2
C = 0, K = 2A2 if n = 2
K = 0 if n = 1
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By definition of ψ and y and by renaming the constants for more convenience, one
gets that a2 = K if and only if
Φ′′ =


a(Φ′)2 +Φ′ if n ≥ 2,
a(Φ′)2 +Φ′ + c if n = 2,
a(Φ′)2 + bΦ′ + c if n = 1.
(11)
In order to solve this equation let us first suppose a 6= 0. Therefore
Φ′′(t) = a
((
Φ′ +
b
2a
)2
+
c
a
−
b2
4a2
)
. (12)
We distinguish now three different cases.
Case 1: c
a
− b
2
4a2 = −D
2, where D ∈ R+. By solving this ODE, we get∣∣∣∣∣Φ
′(t) + b2a −D
Φ′(t) + b2a +D
∣∣∣∣∣ = ξe2aDt,
where ξ ∈ R+. Thus we have to distinguish two further different possibilities.
1a) Φ′ + b2a −D < 0 < Φ
′ + b2a +D.
Hence
Φ′(t) = −
ξe2aDt
ξe2aDt + 1
(
D +
b
2a
)
+
D − b2a
ξe2aDt + 1
,
namely
Φ(log r) = −
1
a
(
log(1 + ξr2aD) +
(
b
2
−Da
)
log r
)
.
Since Φ′′ > 0, then a < 0. If n ≥ 2, also Φ′ has to be positive by definition of
Ka¨hler potential. This condition is trivially satisfied if n > 2, while if n = 2 it
is equivalent to (2aD + 1)ξr2aD > 2aD − 1. Moreover, if n = 1, we recall that
∂∂¯ log r = 0.
1b) Φ′ + b2a −D > 0 or Φ
′ + b2a +D < 0. Therefore
Φ′(t) = −
ξe2aDt
ξe2aDt − 1
(
D +
b
2a
)
−
D − b2a
ξe2aDt − 1
,
namely
Φ(log r) = −
1
a
(
log |1− ξr2aD|+
(
b
2
−Da
)
log r
)
.
Since Φ′′ > 0, then a > 0. If n ≥ 2, also Φ′ has to be positive. This condition is
satisfied if and only if ξr2aD < 1 and ξr2aD > 1−2aD2aD+1 if n = 2.
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Case 2: c
a
− b
2
4a2 = 0. This case may occur only if n = 1 or n = 2. By solving the
initial ODE (12), we get
Φ(log r) = −
1
a
log | log r + κ| −
b
2a
log r,
where κ ∈ R. Since Φ′′ > 0, then a > 0. If n = 2, also Φ′ has to be positive, hence
−2− κ < log r < −κ (in this case b = 1).
Case 3: c
a
− b
2
4a2 = D
2. Also this case may occur only if n = 1 or n = 2. By solving
the initial ODE (12), we get
Φ(log r) = −
1
a
log | cos(aD log r + κ)| −
b
2a
log r,
where κ ∈ R. Since Φ′′ > 0, then a > 0. If n = 2, also Φ′ has to be positive, hence
1
aD
(arctan( 12aD ) + hπ − κ) < log r <
1
aD
(π2 + hπ − κ), where h ∈ Z.
To conclude we have to consider that a may also be equal to 0, hence we have
to solve
Φ′′(t) = bΦ′ + c.
If b 6= 0, we get
Φ(log r) =
1
b2
ξrb −
c
b
log r.
If n ≥ 2, Φ′ has to be positive, hence ξrb > c
b
. This condition is always satisfied if
n > 2, since c = 0. Moreover Φ′′ is always positive.
Instead, if b = 0 (this case may occur only if n = 1), we get
Φ(log r) =
c
2
(log r)2 + κ log r,
which is the Euclidean metric (already considered before). 
3. Proof of Theorem 1.1 and Corollary 1.2
In order to prove Theorem 1.1 we recall the expression of the term a3 in Tian-
Yau-Zelditch expansion:
a3(x) =
1
8∆∆ρ+
1
24divdiv(R,Ric)−
1
6divdiv(ρRic)
+ 148∆(|R|
2 − 4|Ric|2 + 8ρ2) + 148ρ(ρ
2 − 4|Ric|2 + |R|2)
+ 124 (σ3(Ric)− Ric(R,R)−R(Ric,Ric)),
(13)
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where we are using the following notations (in local coordinates z1, . . . , zn):
|D
′
ρ|2 = gji¯ ∂ρ
∂zi
∂ρ
∂z¯j
,
|D
′
Ric|2 = gαi¯gjβ¯gγk¯Ricij¯,kRicαβ¯,γ ,
|D
′
R|2 = gαi¯gjβ¯gγk¯glδ¯gǫp¯Rij¯kl¯,pRαβ¯γδ¯,ǫ,
divdiv(ρRic) = 2|D
′
ρ|2 + gβi¯gjα¯Ricij¯
∂2ρ
∂zα∂z¯β
+ ρ∆ρ,
divdiv(R,Ric) = −gβi¯gjα¯Ricij¯
∂2ρ
∂zα∂z¯β
− 2|D
′
Ric|2
+gαi¯gjβ¯gγk¯glδ¯Rij¯,kl¯Rβα¯δγ¯ −R(Ric,Ric)− σ3(Ric),
R(Ric,Ric) = gαi¯gjβ¯gγk¯glδ¯Rij¯kl¯Ricβα¯Ricδγ¯ ,
Ric(R,R) = gαi¯gjβ¯gγk¯gδp¯gqǫ¯Ricij¯Rβγ¯pq¯Rkα¯ǫδ¯,
σ3(Ric) = g
δi¯gjα¯gβγ¯Ricij¯Ricαβ¯Ricγδ¯,
where the gji¯’s denote the entries of the inverse matrix of the metric (i.e. gki¯g
ji¯ =
δkj) and “ ,p” represents the covariant derivative in the direction
∂
∂zp
and we are
using the summation convention for repeated indices. The reader is also referred
to [14] and [15] for a recursive formula for the coefficients aj ’s and an alternative
computation of aj for j ≤ 3 using Calabi’s diastasis function (see also [25] for
a graph-theoretic interpretation of this recursive formula). Moreover note that,
given any Ka¨hler manifold (M, g) it makes sense to call the aj ’s Tian-Yau-Zelditch
coefficients, regardless of the existence of Tian-Yau-Zelditch expansion.
Proof of Theorem 1.1. The same arguments about unitary invariance of terms of
a2 shown in the proof of Theor. 2.1 hold true also in this case for the term a3.
Therefore, we can easily compute by using eq. (8) and (3) evaluated at (z1, 0, . . . , 0)
the following terms:
Ric(R,R)
= (g11¯)2Ric11¯
(
(g11¯)3(R11¯11¯)
2 + 2(n− 1)g11¯(gi¯i)2(R11¯i¯i)
2
)
+(gi¯i)5Rici¯i
(
(n− 1)(Ri¯ii¯i)
2 + 2(n− 1)(n− 2)(Ri¯ijj¯)
2
)
+2(n− 1)(g11¯)2(gi¯i)3Rici¯i(R11¯i¯i)
2
= 2(n− 1)n−σ
y5
(
n(ψ − y)2 + (ψ′y − ψ)2
)
−σ′
(
(ψ′′)2 + 2(n− 1) (ψ
′y−ψ)2
y4
)
;
(14)
R(Ric,Ric)
= (g11¯)4(Ric11¯)
2R11¯11¯ + 2(n− 1)(g
11¯)2(gi¯i)2Ric11¯Rici¯iR11¯i¯i
+(gi¯i)4(Rici¯i)
2((n− 1)Ri¯ii¯i + (n− 1)(n− 2)Ri¯ijj¯)
= (σ′)2ψ′′ − 2(n− 1) (ψ
′y−ψ)(n−σ)σ′
y3
+ n(n− 1) (ψ−y)(n−σ)
2
y4
.
(15)
By using formulas (9) and (10), we define
χ(y) = |R|2 − 4|Ric|2,
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to get
∆(|R|2 − 4|Ric|2) = gij¯
∂2χ
∂zj∂z¯i
= gij¯
(χ′ψ
r
δji +
χ′′ψ + χ′ψ′ − χ′
r2
ψz¯jzi
)
= (χ′ψ)′ +
n− 1
y
χ′ψ. (16)
Since Christoffel’s symbols Γpki are equal to g
pq¯ ∂giq¯
∂zk
, we easily deduce from (7)
that they are all equal to zero when evaluated at (z1, 0, . . . , 0) except for:
Γ111 = (
Φ′′′−Φ′′
r2
)( rΦ′′ )z¯1 =
ψ′−1
r
z¯1,
Γi1i = (
Φ′′−Φ′
r2
)( rΦ′ )z¯1 =
ψ−y
yr
z¯1.
We also compute that the unique first derivatives of Ricci tensor’s components
different from zero in (z1, 0, . . . , 0) (cf. (4)) are:
∂
∂z¯1
Ric11¯ =
σ′ψ−(σ′ψ)′ψ
r2
z1,
∂
∂z¯1
Rici¯i =
∂
∂z¯i
Rici1¯ =
σ−σ′ψ−n
r2
z1,
and we use them to evaluate Ricci tensor’s first covariant derivatives at (z1, 0, . . . , 0),
which are defined as Ricij¯,k =
∂
∂zk
Ricij¯ −Ricpj¯Γ
p
ki, and we get
|D
′
Ric|2 = (g11¯)3|Ric11¯,1|
2 + 2(n− 1)g11¯(gi¯i)2|Rici¯i,1|
2
= (σ′′)2ψ + 2(n− 1) ψ
y2
(σ′ + n−σ
y
)2.
(17)
Because some Riemann tensor’s components in (z1, 0, . . . , 0) are equal to zero (cf.
eq. (8)), we need to compute just some Ricci tensor’s second covariant derivatives,
of which we recall the definition: Ricij¯,kl¯ = ∂l¯∂kRicij¯ +Γ
q
kiΓ
p¯
l¯j¯
Ricqp¯−Γ
p
ki∂l¯Ricpj¯ −
∂l¯Γ
p
kiRicpj¯ −Γ
p¯
l¯j¯
∂kRicip¯. In particular, we preliminary evaluate at (z1, 0, . . . , 0) the
following derivatives (∂l¯Γ
p
ki = g
pq¯ ∂
2giq¯
∂z¯l∂zk
− gpγ¯gαq¯
∂gαγ¯
∂z¯l
∂giq¯
∂zk
)
∂1¯Γ
1
11 =
ψ′′ψ
r
,
∂i¯Γ
1
i1 =
ψ′y−ψ
yr
,
∂1¯Γ
i
i1 =
ψ′y−ψ
y2r
ψ,
∂i¯Γ
i
ii = 2∂j¯Γ
i
ji = 2
ψ−y
yr
and
∂2
∂z1∂z¯1
Ric11¯ =
−((σ′ψ)′ψ)′ψ+2(σ′ψ)′ψ−σ′ψ
r2
,
∂2
∂z1∂z¯1
Rici¯i =
∂2
∂zi∂z¯1
Ric1¯i =
−(σ′ψ)′ψ+2σ′ψ−σ+n
r2
,
∂2
∂zi∂z¯i
Rici¯i = 2
∂2
∂zj∂z¯j
Rici¯i = 2
∂2
∂zj∂z¯i
Ricij¯ = 2
−σ′ψ+σ−n
r2
,
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to be in the position to express
(g11¯)4R11¯11¯Ric11¯,11¯ + 2(n− 1)(g
11¯)2(gi¯i)2R11¯i¯i(Ric11¯,i¯i +Rici¯i,11¯)
+(gi¯i)4
(
(n− 1)Ri¯ii¯iRici¯i,i¯i + 2(n− 1)(n− 2)Ri¯ijj¯Rici¯i,jj¯
)
= ψ
′′
ψ
(
− ((σ′ψ)′ψ)′ − (ψ′)2σ′ + 2ψ′(σ′ψ)′ + σ′ψ′′ψ
)
+2(n− 1)ψ
′y−ψ
y3
(
−2(σ′ψ)′ + 2 ψ
y2
(n− σ) + 4ψ
y
σ′
)
+2(n− 1)ψ
′y−ψ
y3
(
ψ′ − ψ
y
)(
σ′ + σ−n
y
)
+2n ψ
y5
(n− 1)(ψ − y)(σ − n− σ′y)
(18)
as a function of y, ψ and its derivatives.
Therefore, thanks to the formulas (9), (10), (15), (14), (16), (17) and (18), using
(5), we convert the PDE
a3 = K, (19)
where K is a real constant, to the identity:
n(n−1)(n+1)
(
A3ny3n+3(n+1)(n−2)+AB2nyn+3(2−n)(n+3)−2Bnyn+2
(
AC(n+
1)(n+4)+B(n2−4)
)
−Cyn+1(n+1)(n+2)
(
AC(n+6)+4Bn
)
−2C2yn(n+1)(n+
2)(n+3)+2B3ny3(2−n)(2n+1)− 6B2Cn2y2(2n+1)− 6BC2y(n+1)(2n2+3n+
2)− 2C3(n+ 1)(n+ 2)(2n+ 3)
)
= −48Ky3n+3.
Therefore, if n = 1 and K = 0 the previous equation holds true independently
from A, B and C. If n 6= 1, C needs to be equal to 0. By putting C = 0 the equality
is satisfied ifK = 0 and n = 2 or n > 2, B = 0 andK = −A
3
48 n
2(n+1)2(n−1)(n−2).
To sum up, we have just proved that a3 = K if and only if
ψ(y) =


Ay2 + y if n ≥ 2,
Ay2 + y + B if n = 2,
Ay2 +By + C if n = 1.
By recalling that y = Φ′ and eq. (11), we get that a2 is constant if and only if
a3 = K is constant, which concludes the proof of Theorem 1.1. 
In order to prove Corollary 1.2 we need the following result, proved by the authors
in [17] (Lemma 2.2 and Corollary 2.3).
Lemma 3.1. Let n ≥ 2 and p = (s, 0, . . . , 0), with s ∈ R, s 6= 0, be a point
of the complex domain U ⊂ Cn \ {0} on which is defined a radial metric g with
radial Ka¨hler potential Φ : U → R and corresponding diastasis Dp : U → R. Let
f : U˜ → R defined by f(r) = Φ(z), z = (z1, . . . , zn) where U˜ = {r = |z|
2 =
|z1|
2 + · · ·+ |zn|
2 | z ∈ U} and, for h ∈ N, let gh : U˜ → R given by:
gh(r) =
dhef(r)
drh
e−f(r). (20)
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If there exists r ∈ U˜ and h ∈ N such that the function given by (20) is negative,
namely gh(r) < 0, then the metric g is not projectively induced.
Proof of Corollary 1.2. Let us first recall that the Simanca metric is the Ka¨hler
metric gS on C
2 \ {0} defined by the Ka¨hler potential
|z|2 + log |z|2 (21)
This metric, used by Simanca in [23] to construct constant scalar curvature
metrics on blowups, was studied by the authors in [17] (Theorem 1.3), where it was
proved that it is projectively induced.
Now, Theorem 1.1 implies that that the Simanca metric, the flat metric on Cn
and the metric on {z ∈ C2 | |z|2 > 1} given by the potential
|z|2 − log |z|2 (22)
are, up to homothety, the only radial Ka¨hler metrics g with a1 = a3 = 0. Indeed,
more precisely, by Theorem 1.1, if a1 = a3 = 0 then g must be one of the metrics
of the list in the statement of Theorem 2.1. In particular, since a1 = 0 we are in
the case Φ′′ = bΦ′ + c (being Φ a Kahler potential of g) considered in the proof
at the end of Section 2: after an easy integration of this ODE, as seen above,
one gets the Euclidean metric and the metrics given by 4. and 5. of the list in the
statement of Theorem 2.1, which, respectively after the change of variables w = z√
λ
and w =
√
µ
λ
z, proves our claim.
Since it is well-known and easily verified that the Euclidean metric is projectively
induced (see e.g. [4]), in order to conclude the proof of Theorem 1.2 we need to show
that the Ka¨hler metrics whose Ka¨hler forms are given by ω = λ i2∂∂¯(|z|
2 − log |z|2)
are not projectively induced, for any λ > 0.
Set f(r) = λ(r − log r), r = |z|2. Thus ef(r) = eλrr−λ and g3(r) in the previous
Lemma reads as:
g3(r) =
def
dr3
e−f = λr−3[λ2r3 − 3λ2r2 + 3λ(λ+ 1)r − (λ+ 1)(λ+ 2)]. (23)
Since the metrics are defined on {z ∈ C2 | |z|2 > 1}, we can let r tend to 1 in
(23) and get
lim
r→1+
g3(r) = λ[λ
2 − 3λ2 + 3λ2 + 3λ− λ2 − 3λ− 2] = −2λ < 0
which, by Lemma 3.1 proves our claim and concludes the proof of Corollary 1.2. 
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